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In this paper, we investigate the sensitivity to additional gravitational wave polarization modes of future
detectors. We first look at the upcoming Einstein Telescope and its combination with existing or planned
Earth-based detectors in the case of a stochastic gravitational wave background. We then study its
correlation with a possible future space-borne detector sensitive to high frequencies, like DECIGO. Finally,
we adapt those results for a single gravitational wave source and establish the sensitivity of the modes as
well as the localization on the sky.
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I. INTRODUCTION
Since the first detection of gravitational waves (GW) by
the LIGO Collaboration, a total of five black hole mergers
[1–5] has been observed so far [6], as have a neutron star
merger visible through gravitational waves and all acces-
sible frequency bands of the electromagnetic spectrum
[7,8]. The results matched with Einstein’s theory of general
relativity (GR) up to measurement precision.
Until now, many tests of general relativity have been
performed (e.g., the perihelion precession of Mercury, the
geodetic precession and the Lense-Thirring effect by
Gravity Probe B [9], or the weak equivalence principle
by MICROSCOPE [10] to name only a few), and so far,
they all agree with general relativity. Modifications to GR
have been constrained by experiments, but there are still
some possibilities that cannot be excluded; see Ref. [11] to
get an overview. As we will discuss in the next part, one
could, e.g., modify GR by adding a scalar or a vector field
that only couples to the metric and therefore acts as
correction to GR. These fields would allow additional
polarizations to the two tensor polarizations, þ (plus) and
× (cross), predicted by GR. The scalar field leads to the
emergence of the breathing (b) and longitudinal (l) polar-
izations, whereas the vector field is responsible for the
appearance of the x and y polarizations.
The standard model of cosmology describes the creation
of the Universe as an exponentially fast expansion of a
quantum state. In quantum mechanics, no field or degree of
freedom (d.o.f.) can be zero. If one now expands the
Universe, the quantum fluctuations of the fields get macro-
scopic and create a homogeneous and isotropic background
where all polarizations are excited equally.
Using the electromagnetic spectrum, we can only
observe events as far back as the cosmic microwave
background. The neutrinos decouple a bit earlier and
would allow us to see farther back in time, given we
would figure out how to measure low-energy particles,
which almost never interact. If we could, however, measure
a gravitational wave background (GWB), then we could
test cosmological models way farther back in time. One
expects that the gravitational waves decouple at the Planck
time due to the weak coupling of the metric to the other
fields. This might allow us to get information about
quantum gravity and thus an energy scale that is far out
of reach of modern particle colliders. Since one expects all
polarizations to be excited in the GWB, this would serve as
a test for GR or allow us to put constrains on alternative
theories of gravity by checking the presence or absence of
additional polarization modes in a given signal.
The second-generation ground-based detectors advanced
LIGO and advanced VIRGO can detect GWs from binary
black holes (BBHs) and binary neutron stars (BNSs) [7].
A similar detector is being built in Japan (KAGRA) [12],
and another advanced LIGO is planned in the near future in
India (IndIGO) [13]. With the Einstein Telescope (ET) [14],
a cluster of three detectors arranged in an equilateral
triangle with an arm length of 10 km, there are plans to
build a third-generation detector in Europe that is supposed
to be about ten times more sensitive to a GW signal than the
current generation.
Space-borne detectors are also on their way. LISA
pathfinder was a success [15], which is very promising
for LISA [16], a cluster of three satellites planned to be
launched as the next ESA L3 mission. LISAwill be put on a
heliocentric orbit, at about 20° behind the Earth. DECIGO
[17,18] was originally planned to consist of four clusters
distributed in Earth orbit around the Sun, each forming a
1000 km equilateral triangle with three satellites. A scaled-
down version with arms of only 100 km, B-DECIGO [19],
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initially presented as Pre-DECIGO [20], has recently been
proposed as a first generation of deci-Hz detectors. It is
planned to revolve around the Earth at an altitude of
2000 km.
The ground-based detectors of the second generation are
not capable of detecting the gravitational wave background
on their own, and it is unlikely that an improvement of
about 1 order of magnitude in sensitivity would be
sufficient. But if we combine the signals of all the detectors
that are built to measure BBHs and BNSs anyway, then one
could enhance the sensitivity by 3 to 4 orders of magnitude
and thus get more restrictive constraints on the GWB or
even detect it.
With its high- and low-frequency interferometers, the ET
is designed to measure in a frequency range from 1.5 Hz to
10 kHz. It therefore makes perfect sense to cross-correlate
its signals with the ones of any second-generation ground-
based detector, or even DECIGO. The correlation between
the ET and DECIGO has the advantage that their noises are
very different, since the ET is Earthbased and DECIGO is
in space and therefore does not have any seismic noise, for
instance. A correlation of the ET or DECIGO with LISA
would, however, be difficult since the designed sensitivity
of the latter lies within the range 10−4 to about 1 Hz, out of
the frequency band considered for the ET/DECIGO.
Testing GR by using the gravitational wave background
can be of interest due to its constant and isotropic nature.
One does not have to extract complex waveforms in a
combination of all the six possible polarizations from the
strain, which may differ according to the modified theory
considered. Note that, because of the isotropy of the GWB,
one cannot distinguish between þ and × tensor polar-
izations, or x and y vector polarizations, but it is never-
theless possible to separate the three modes (tensor T,
vector V, and scalar S), which can already give us
information on the involved fields.
In the case of point sources, one can additionally
determine the direction of the incoming GW on the sky
as well as distinguish between the polarizations. However,
this makes the calculation more complicated since we have
to deal with 8 d.o.f. instead of 3.
This paper is outlined as follows. In Sec. II, we recall
some theoretical basics about polarization and summarize
the derivation of the signal-to-noise ratio (SNR) for a
polarization mode when combining multiple detectors in
the case of a GWB, as done in Refs. [21,22]. We also derive
the general expression of the power spectral density and the
overlap reduction functions for detectors having arbitrary
opening angles. In Sec. III, we apply those results in the
case of the ET and consider its correlation with ground-
based detectors. In Sec. IV, we introduce DECIGO in the
detector network and investigate how the time-dependent
sensitivity of a cross-correlation between DECIGO
and Earth detectors can be used to distinguish the three
polarization modes, as an alternative method to the
maximum likelihood method on all detector pairs.
Finally, we consider the case of point sources and derive
the SNR for a single polarization and the variance on the
incoming direction of the GW in Sec. V.
II. THEORY AND METHODS
In this section, we introduce the techniques used to
calculate the sensitivities to GW polarizations of various
combinations of detectors. We first give a short overview of
GW and the notion of polarization in GR or alternative
theories of gravitation, as well as the detection principle.
We continue by extracting the signal of a correlation
between two detectors. Then, we take multiple detector
pairs and combine their signals in an optimal way to
distinguish the polarizations and enhance the sensitivity.
The sensitivity is dependent on the noise power spectrum
of the detector and geometry factors, which in the case of a
gravitational wave background are the overlap reduction
functions (ORFs). To calculate the sensitivity for a collec-
tion of detectors including the ET or DECIGO, we need to
generalize the formula for the noise power spectral density
to arbitrary opening angles, and we can simplify the
expression for the ORFs for ground-based detectors, which
comes in handy since many of the detectors we consider
here are ground based.
A. Polarizations of gravitational waves
The linearization of the Einstein field equations leads to a
linear wave equation for perturbations in the metric. Since
the metric is required to be symmetric, the d.o.f. of a four-
dimensional tensor of rank 2 are reduced from 16 to 10. The
Einstein equations are invariant under a change of reference
frame, while the linearized version is only invariant under
an infinitesimal change of coordinates, which reduces the
d.o.f. to 6. By choosing an orthonormal basis ðmˆ; nˆ; ΩˆÞ,
where Ωˆkk⃗ is the direction of travel [21], we can write a
general solution as
hijðt; x⃗Þ ¼
0
B@ h11 h12 h13h12 h22 h23
h13 h23 h33
1
CAe2πifðt−Ωˆ·x⃗c Þ þ c:c:
¼
X
A
hAðt; x⃗ÞeAije2πifðt−
Ωˆ·x⃗I
c Þ þ c:c:; ð1Þ
where the eA are the basis tensors of the possible polar-
izations we describe afterward and hA is the amplitude of
the GW in the polarization A.
Therefore, we can have at most six polarizations. Since
this is a vacuum equation in the case of unmodified GR, the
equation is invariant under a gauge transformation on the
fields hμν ↦ h0μν ¼ hμν − ϵμ;ν − ϵν;μ, with □ϵμ ¼ 0. This
further reduces the d.o.f. to the two tensor polarizations þ
and ×. They are purely transversal waves, which enlarge
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distances in one direction and squeeze space in the
orthogonal direction. The basis tensors of the tensor mode
are given by
eþ ¼ mˆ ⊗ mˆ − nˆ ⊗ nˆ; e× ¼ mˆ ⊗ nˆþ nˆ ⊗ mˆ: ð2Þ
We will now look at two representative examples of
modifications of GR and their consequences on gravita-
tional waves. Adding a scalar field to the Lagrangian is one
possibility to modify GR [11]. A general scalar-tensor
action can be written as
S½g;ϕ¼ 1
16πG
Z
½R−2gμν∂μϕ∂νϕ−UðϕÞ ﬃﬃﬃﬃﬃﬃ−gp d4x: ð3Þ
This leads to the two scalar polarizations called the
breathing mode b, since it stretches and squeezes space
simultaneously in all transversal directions, and the longi-
tudinal mode l, which is a purely longitudinal wave. Their
basis tensors are given by
eb ¼ mˆ ⊗ mˆþ nˆ ⊗ nˆ; el ¼
ﬃﬃﬃ
2
p
Ωˆ ⊗ Ωˆ: ð4Þ
Another possibility would be to add a vector field
Lagrangian as
S½g; V ¼ 1
16πG
Z
½ð1þ ωVμVμÞR − Kμνρσ∇μVρ∇νVσ
þ λðVμVμ þ 1Þ
ﬃﬃﬃﬃﬃﬃ
−g
p
d4x ð5Þ
with
Kμνρσ ¼ c1gμνgρσ þ c2δμρδνσ þ c3δμσδνρ − c4VμVνgρσ; ð6Þ
where the ci are coefficients that would have to be
determined by experiments. This modification generates
the two vector polarizations x and y, which oscillate in the
direction of travel and in one orthogonal to it. Their
respective basis tensors are given by
ex ¼ mˆ ⊗ Ωˆþ Ωˆ ⊗ mˆ; ey ¼ nˆ ⊗ Ωˆþ Ωˆ ⊗ nˆ: ð7Þ
We can finally express a general solution in terms of all
six polarizations:
hijðt; x⃗Þ ¼
0
B@ hb þ hþ h× hxh× hb − hþ hy
hx hy hl
1
CAe2πifðt−Ωˆ·x⃗c Þ þ c:c:
ð8Þ
When a gravitational wave stretches or squeezes an arm
of a Michelson interferometer, then one can observe a
phase shift. This phase shift is larger if the amplitude of the
wave is larger and if the detector arms are optimally
aligned, given an incoming wave with a certain polariza-
tion. So, the signal in the detector can be written as
hijðt; x⃗Þ ¼ Dij
X
A
hAðt; x⃗ÞeAije2πifðt−Ωˆ·x⃗c Þ: ð9Þ
The detector tensor D ¼ 1
2
ðuˆ ⊗ uˆ − vˆ ⊗ vˆÞ describes the
orientations of the interferometer arms, given by the unit
vectors uˆ and vˆ, and the polarization of the wave can be
written as a linear combination of the basis tensors eA
described above. If we contract the two tensors, we get a
scalar quantity, the angular pattern function, which
describes the geometric dependence of the signal:
FA ≔ DijeAij: ð10Þ
A GW thus produces one scalar signal in each detector,
which means that we need to combine at least six detectors
to distinguish them. In the case of a gravitational back-
ground, however, we expect a direction-independent signal.
Therefore, one can only distinguish between the three
modes (tensor, vector, and scalar); three independent
signals are thus sufficient, but more signals would of
course improve the sensitivity.
By using the matched filtering method, one can calculate
the signal-to-noise ratio of a given signal. Since the ET
project has declared a signal-to-noise ratio of at least 8 as
their condition to accept an event as an actual signal [14],
we set the SNR to 8 and calculate the minimal amplitude a
gravitational wave needs to have to be recognized as a true
signal by a certain collection of detectors and use this as a
measure of their combined sensitivity.
The SNR is related to the false alarm rate α and detection
rate γ by [23]
SNR ≥
ﬃﬃﬃ
2
n
r
ðerfc−1ð2αÞ − erfc−1ð2γÞÞ: ð11Þ
Once one has chosen a minimal signal-to-noise ratio, one
has to choose either a false alarm or a detection rate. If we
were to split our observation time (T ¼ 1 yr would be a
realistic choice for a GWB observation) into small time
intervals of, e.g., 4 s and do statistical tests on them, then one
false alarm in 27,000 yr would be equivalent to a false alarm
rate of α ¼ 4s
27000 yr ¼ 4.8 × 10−12. This would give us about
n ¼ 7.8 × 106 time splits and result in a detection rate γ ≈ 1
under the assumption of a SNR of 8. The detection rate is
related to the false dismissal rate β by γ ¼ 1 − β, which gives
us a false dismissal rate of β ¼ 3.3 × 10−18.
We will now derive an expression for the SNR in terms
of the GW signal and the detector noise.
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B. Combined sensitivity of multiple detectors
Since the signal of a GW is usually smaller than the
noise, one can rely on two different techniques in order to
get rid of the noise. First, we can multiply the Fourier
transform of the signal with a suitable filter function, which
turns out to be proportional to the signal, and integrate over
all frequencies. This method is called matched filtering.
Second, we can cross-correlate the strains sI;J ¼ hI;J þ nI;J
of two detectors I and J. Since the noises nI;J of the two
detectors are not correlated between them and also not
correlated to the signals hI;J, we can get rid of the noise by
taking the expectation of the Fourier transform (FT) of the
complex conjugated strain s˜I of detector I multiplied with
the FT of the strain s˜J of detector J:
E½s˜I s˜J ¼ E½h˜I h˜J þ E½h˜I n˜J|ﬄﬄﬄ{zﬄﬄﬄ}
¼0
þ E½n˜I h˜J|ﬄﬄﬄ{zﬄﬄﬄ}
¼0
þ E½n˜I n˜J|ﬄﬄﬄ{zﬄﬄﬄ}
¼0
: ð12Þ
Nishizawa et al. [21] used the matched filtering method on
a cross-correlated signal and derived the SNR for a detector
pair ðI; JÞ, and we now shortly remind the reader of the
result.
The energy density parameter ΩGW of the GWB can be
written as a sum over all modes M, where each mode has
two polarizations M1 and M2 as discussed previously:
ΩGWðfÞ ¼
X
M
ΩMGW ¼
X
M
ðΩM1GW þΩM2GWÞ;
M ¼

M1
M2

∈

T ¼
þ
×

;
V ¼

x
y

; S ¼

b
l

: ð13Þ
The power spectral density SMih of the polarization Mi is
related to its energy density parameter by
ΩMiGWðfÞ ¼
2π2
3H20
f3SMih ðfÞ: ð14Þ
By assuming that only one modeM is excited and using the
ansatz SMih ðfÞ ¼ h20;Miδðf0 − fÞ, where h0;Mi is the ampli-
tude of the polarization Mi, we get the sensitivity of the
detector pair ðI; JÞ to the specific mode M,
ðSNRMIJÞ2 ¼
3H20
10π2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T
Z
∞
−∞
ðΩMGWðjf0jÞγMIJðjf0jÞÞ2
f6PIðjf0jÞPJðjf0jÞ
df0
s
¼ 1
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T
Z
∞
−∞
ðSMh ðjf0jÞγMIJðjf0jÞÞ2
PIðjf0jÞPJðjf0jÞ
df0
s
¼ T
5
ðh20;M1 þ h20;M2ÞγMIJðfÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðfÞPJðfÞ
p ; ð15Þ
whereH0 is the Hubble constant, T is the observation time,
PI;J are the noise power spectral densities of the detectors I
and J, and γMIJ is the overlap reduction function defined by
γMIJðfÞ ≔
5
2
Z
S2
ðFM1I FM1J þ FM2I FM2J Þe
2πif
c Ωˆ0·Δx⃗IJ
dΩˆ
4π
¼ ρM1 ðαÞDijI DJij þ ρM2 ðαÞDiI;kDkjJ dˆidˆj
þ ρM3 ðαÞDijI DklJ dˆidˆjdˆkdˆl; ð16Þ
with αðfÞ ≔ 2πfjΔx⃗IJ jc and where the ρMi are linear combi-
nations of the zeroth, second, and fourth spherical Bessel
functions.
By requiring again SNR≥
!
8 for a GW with mode M to
be considered a true signal, we can rewrite (15) to get the
minimal amplitude a GW would need to be detected as
such:
jhM0 ðfÞjmin ¼ 8
ﬃﬃﬃ
5
T
r  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðfÞPJðfÞ
p
jγMIJðfÞj
1=2
: ð17Þ
If we have more than two detectors, we can use the
maximum likelihood method to distinguish the polariza-
tions. We then get a SNR with which we recognize a mode
M, as derived by Nishizawa et al. [22]:
ðSNRMÞ2 ¼ 3H
2
0
10π2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T
Z
∞
−∞
ðΩMGWðfÞÞ2 detFðfÞ
f6FMðfÞ
df
s
¼ 1
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T
Z
∞
−∞
SMh ðfÞ2 detFðfÞ
FMðfÞ
df
s
: ð18Þ
Using the same ansatz as above, we get the minimal
amplitude we require to not only detect a GW with mode
M but also distinguish its polarization, with a SNR of at
least 8,
jhM0 ðfÞjmin ¼ 8
ﬃﬃﬃ
5
T
r 
FM
detF

1=4
; ð19Þ
where the Fisher matrix F is obtained by summing over the
Fisher matrices of all detector pairs ðI; JÞ,
FMM0 ðfÞ ¼
X
ðI;JÞ
Z
Tobs
0
γMIJðt; fÞγM0IJ ðt; fÞ
PIðfÞPJðfÞ
dt; ð20Þ
and FM is the determinant of the minor one gets by
removing the Mth row and column from F.
C. Optical read-out noise
The quantum fluctuations of the laser cause a funda-
mental noise source in each detector that is statistically
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independent from the other detectors. The fluctuation in the
number density of photons arriving at the detector causes a
random fluctuation in the measured power and a fluctuation
in the light pressure on the mirror, which causes the mirror
to vibrate randomly. By increasing the laser power, the
fluctuation in the number density increases in total but is
less compared to the average, which causes the relative
fluctuations in the measured laser power to decrease, but
the pressure and therefore the fluctuations in the position of
the mirror increase. One therefore needs to balance one
effect against the other, which causes an uncertainty
relation similar to the one arising from quantum mechanics.
We are now going to derive the optical read-out noise based
on Ref. [24], but for an arbitrary opening angle between the
detector arms.
A Michelson interferometer with a Fabry-Perot cavity
catches an additional term dependant on the frequency f of
the measured gravitational wave and on a pole frequency
fp, which is a characteristic of the cavity. The power
recycling C appears as a higher effective power, and the
detector efficiency η as a lower one, and we modifiy the
input power P0 as P0 ↦ ηCP0.
The phase shift of a Fabry-Perot interferometer ΔϕFP is
related to the one of a Michelson interferometer without
cavity ΔϕMich by
jΔϕFPj ¼
2F
π
jΔϕMichjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð ffpÞ
2
q ; ð21Þ
jΔϕMichj ≔ Δϕu − Δϕv; ð22Þ
where F is the finesse of the Fabry-Perot cavity; L is the
arm length of the detector; Δϕu and Δϕv are the phase
shifts in the arms u and v, respectively; and fp is the pole
frequency of the cavity given by
fp ≈
c
4FL
: ð23Þ
To calculate the phase shift of a Michelson interferometer
with opening angle θ, we consider an incoming GW with
a þ polarization:
hþμν ¼ hþ
0
BBB@
0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0
1
CCCA cosðωGWtÞ: ð24Þ
The GW effectively stretches space in the x direction and
squeezes it in the y direction, as depicted in Fig. 1, by a
factor hþðt − LcÞ, using the approximation ωGWLc ≪ 1. In this
choice of reference frame, we can write v⃗ as
v⃗ ¼

x
y

¼ L

cos θ
sin θ

; jv⃗j ¼ L: ð25Þ
Using the previous approximation, we can write down the
components of the deformed arm v⃗0 and express the change
in the coordinates as
x0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ hþx2
q
≈

1þ 1
2
hþ
	
x⇒ Δx ¼ 1
2
hþx; ð26Þ
y0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2 − hþy2
q
≈

1 −
1
2
hþ
	
y⇒ Δy ¼ − 1
2
hþy; ð27Þ
where we used the short notation hþ for hþðt − LcÞ and
expanded to first order. The total change in the length of the
detector arm is then given by
Δv ¼ jv⃗0j − jv⃗j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x02 þ y02
q
−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
q
¼ 1
2
2xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p Δxþ 1
2
2yﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p ΔyþOðΔ2Þ
≈
cos θL
L
Δxþ sin θL
L
Δy
¼ 1
2
hþLðcos2θ − sin2θÞ: ð28Þ
Since the light bounces back and forth, the phase shift
catches a factor of 2: Δϕu ¼ 2kLΔu and Δϕv ¼ 2kLΔv.
With those results, we can calculate the amplitude of the
Michelson phase shift,
FIG. 1. The detector arm v⃗ of a detector with opening angle θ
gets deformed to v⃗0 under the influence of a gravitational wave
with þ polarization. The other detector arm u⃗ lies on the x axis.
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jΔϕMichj ¼ jΔϕu − Δϕvj
¼




kLhþ

t −
L
c

L
−kLhþ

t −
L
c

Lðcos2θ − sin2θÞ





¼ 4π
λL
sin2θLhþ; ð29Þ
with the wave number kL and wave length λL of the laser:
kL ¼ 2πλL. The change in the path length of a photon due to
the incoming GW is given by
ΔL ¼ 2ðΔu − ΔvÞ ¼ sin2 θLhþ: ð30Þ
Therefore, the transfer function (change in path length per
GW amplitude) is sin2 θL.
By inserting jΔϕMichj and the transfer function for
a general opening angle θ of the detector arms into
Eqs. (9.220), (9.234), and (9.122) of Ref. [24] and
neglecting the efficiency of the photodetector η ≈ 1, we
get the shot noise
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SnðfÞ
p
jshot ¼
1
4F sin2θL
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
πℏλLc
CP0
s ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ

f
fp

2
s
; ð31Þ
the radiation pressure
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SnðfÞ
p
jrad ¼
16F
Msin2θL
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ℏCP0
πλLc
s
1
ð2πfÞ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð ffpÞ
2
q ; ð32Þ
and the optical read-out noise thus being given by
SnðfÞjopt ¼ SnðfÞjshot þ SnðfÞjrad: ð33Þ
We will use this last result as the main component of the
total noise, for an opening angle θ (π=3 for the ET and π=2
for LIGO-like detectors).
Each ET detector consists of a high- (HF) and a low-
frequency (LF) detector, which are then used as one to
broaden the frequency range. The detector characteristics of
these two detectors are listed in Table I and will be used
throughout this paper. The values we are using for
advanced LIGO are summarized in Table II.
D. Overlap reduction functions γMI;Jð f Þ
The angular dependence of the pattern functions FAðΩˆÞ
can be split into the relative orientation of the detectors
toward each other and the orientation of an incoming GW
with respect to the two-detector cluster. The ORFs account
for the relative orientation of the two detectors.
We consider a pair ðI; JÞ of Michelson interferometers
on Earth with opening angles ϕI and ϕJ. We denote the
direction vectors of the detector arms as uˆI;J; vˆI;J such that
ðuˆI;J; vˆI;J; zˆI;JÞ, with zˆI;J being the direction pointing to the
sky, forms a positively oriented frame, as shown in Fig. 2.
The relative orientation of the detectors can be described by
the angles σI;J between the detector arms uˆI;J and the
separation vector Δx⃗, which points from detector I to J.
The direction vectors of the detector arms in the cluster
frame are given by
TABLE I. Detector characteristics of the HF and LF detectors,
taken from the Einstein Telescope proposal [14], Sec. 5. 1.
Quantity ET-HF ET-LF
Input power (after input
mode cleaners) P0
500 W 3 W
Laser wavelength λL 1064 nm 1550 nm
Arm length L 10 km 10 km
Mirror mass M 200 kg 211 kg
Finesse F 880 880
Recycling gain C 21.6 21.6
TABLE II. Detector characteristics of the aLIGO detectors,
taken from Ref. [25], and C from Ref. [26].
Quantity aLIGO
Input power (at power recycling mirror) P0 Up to 125 W
Laser wavelength λL 1064 nm
Arm length L 4 km
Mirror mass M 40 kg
Finesse F 450
Recycling gain C 38
FIG. 2. Depiction of the unit vectors of the detector arms
uˆI; vˆI ; uˆJ; vˆJ (red), the opening angles ϕI , ϕJ (orange), and the
angles σI and σJ between uˆI;J and the great circle (blue) between
the detectors I and J.
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uˆI ¼
0
B@ cos σIsin σI
0
1
CA; vˆI ¼
0
B@ cosðσI þ ϕIÞsinðσI þ ϕIÞ
0
1
CA; dˆ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1 − cos βÞp
0
B@ sin β0
cos β − 1
1
CA;
uˆJ ¼
0
B@ cos β cos σJsin σJ
− sin β cos σJ
1
CA; vˆJ ¼
0
B@ cos β cosðσJ þ ϕJÞsinðσJ þ ϕJÞ
− sin β cosðσJ þ ϕJÞ
1
CA: ð34Þ
The contractions of the two detector tensors are then given by
DijI D
J
ij ¼
1
2
ðuˆiIuˆjI − vˆiIvˆjIÞ
1
2
ðuˆJi uˆJj − vˆJi vˆJj Þ
¼ 1
4
½ðsin2σ1þ − sin2σ1−Þðsin2σ2þ − sin2σ2−Þ þ
1
2
cos βðsinð2σ1þÞ − sinð2σ1−ÞÞðsinð2σ2þÞ − sinð2σ2−ÞÞ
þ cos2βðcos2σ1þ − cos2σ1−Þðcos2σ1þ − cos2σ1−Þ; ð35Þ
DiI;kD
kj
J dˆidˆj ¼
1
4
ððuˆI · dˆÞuˆI − ðvˆI · dˆÞvˆIÞ · ððuˆJ · dˆÞuˆJ − ðvˆJ · dˆÞvˆJÞ
¼ 1þ cos β
8

1
4
ðsinð2σ1þÞ − sinð2σ1−ÞÞðsinð2σ2þÞ − sinð2σ2−ÞÞ
þ cos βðcos2σ1þ − cos2σ1−Þðcos2σ2þ − cos2σ2−Þ
	
; ð36Þ
DijI D
kl
J dˆidˆjdˆkdˆl ¼
1
4
ððuˆI · dˆÞ2 − ðvˆI · dˆÞ2ÞððuˆJ · dˆÞ2 − ðvˆJ · dˆÞ2Þ
¼ ð1þ cos βÞ
2
16
ðcos2σ1þ − cos2σ1−Þðcos2σ2þ − cos2σ2−Þ; ð37Þ
with σ1þ ≔ σI þ ϕI , σ1− ≔ σI , σ2þ ≔ σJ þ ϕJ, and σ2− ≔ σJ.
Nishizawa et al. [21] have used a different definition of the angles σ1;2, which is related to our notation by σ1þ ¼ σ1 þ ϕI2 ,
σ1− ¼ σ2 − ϕI2 , σ2þ ¼ σ2 þ ϕJ2 , and σ2− ¼ σ2 − ϕJ2 .
Finally, we get the expression for the ORF γMIJ of the detectors I and J for the polarization M,
γMIJðfÞ ¼ ρM1 ðαÞDijI DJij þ ρM2 ðαÞDiI;kDkjJ dˆidˆj þ ρM3 ðαÞDijI DklJ dˆidˆjdˆkdˆl
¼ 1
16

4ρM1 ðsin2σ1þ − sin2σ1−Þðsin2σ2þ − sin2σ2−Þ
þ

2ρM1 cos β þ ρM2
1þ cos β
2

· ðsinð2σ1þÞ − sinð2σ1−ÞÞðsinð2σ2þÞ − sinð2σ2−ÞÞ
þ ð4ρM1 cos2β þ 2ρM2 ð1þ cos βÞ cos β þ ρM3 ð1þ cos βÞ2Þg · ðcos2σ1þ − cos2σ1−Þðcos2σ2þ − cos2σ2−Þ

; ð38Þ
where we defined the argument α and the relation between the arc length β and the distance jd⃗j by
αðfÞ ≔ 2πfjd⃗j
c
; jd⃗j ¼ 2RE sin
β
2
: ð39Þ
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III. EINSTEIN TELESCOPE AND
EARTH-BASED DETECTORS
As mentioned in the Introduction, the Einstein Telescope
is going to be part of the third generation of Earth-based
detectors, and we thus want to consider several ground-
based networks involving the ET in order to figure out how
the ET can affect the overall sensitivity. The estimation of
the maximal achievable sensitivity could be of use for
future detector designs and expectations in the constraint of
cosmological parameters. In particular, we want to inves-
tigate the polarizations of the gravitational background and
the ET’s capability of measuring it.
A. Symmetry of the Einstein Telescope
Since the ET consists of three detectors, one can form
three detector pairs that can be used to cross-correlate the
signal. With the resulting three noise-free signals, one
could in principle (as we will see below, for the ET, those
three signals are not independent) solve for the fraction of
the power in each polarization mode (tensor T, vector V,
scalar S) by using the ORFs.
The fraction in Eq. (18) can be rewritten as
detF
F T
¼







FTT FTV FTS
FVT FVV FVS
FST FSV FSS










FVV FVSFSV FSS





¼ FTT −
FVVF2TS − 2FVSFTSFTV þ FSSF2TV
FVVFSS − F2VS
: ð40Þ
This formula was derived via a maximum likelihood
method for more than three detectors to find three modes
and is therefore not well defined for two detectors, which
can be seen by writing out the expression for F T,
F T ¼
X
ðI;JÞ
X
ðI0;J0Þ
Z
Tobs
0
γVIJðtÞ2γSI0J0 ðt0Þ2 − γVIJðtÞγSIJðtÞγVI0J0 ðt0ÞγSI0J0 ðt0Þ
PIPJPI0PJ0
dt0dt
¼
Z
Tobs
0
γVIJðtÞ2γSIJðt0Þ2 − γVIJðtÞγSIJðtÞγVIJðt0ÞγSIJðt0Þ
P2IP
2
J
dt0dt ¼ 0; ð41Þ
where we used that in our case the ORFs are time
independent: γMIJðtÞ ¼ γMIJð0Þ.
Neglecting for the moment factors of TobsPIPJ, we find
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
FVVFSS
p
∼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
ðI;JÞ
X
ðI0;J0Þ
ðγVIJÞ2ðγSI0J0 Þ2
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðγVIJγSIJÞ2
q
¼ γVIJγSIJ ∼ FVS
⇒
detF
F T
¼ FTT −
ð ﬃﬃﬃﬃﬃﬃﬃﬃFVVp FTS − ﬃﬃﬃﬃﬃﬃﬃFSSp FTVÞ2
FVVFSS − F2VS
¼ Tobs
PIPJ

ðγTIJÞ2 −
ðγVIJγTIJγSIJ − γSIJγTIJγVIJÞ2
ðγVIJÞ2ðγSIJÞ2 − ðγVIJγSIJÞ2
	
:
ð42Þ
This expression is not well defined since the denominator is
zero. To see whether the vanishing numerator helps, one
has to carefully take the limit of a slightly nondegenerate
case. Even if one uses the formula for more than three
detectors, one should be careful, since the fraction is ill
defined as soon as the
P
ðI;JÞγMI;J commute, which happens
for the three ET detectors due to the fact that they are three
identical detectors and their symmetric arrangement leads
to [PI ¼ PJ≕P for every pair ðI; JÞ]:
γM12 ¼ γM23 ¼ γM31 ∀M ∈ fT; V; Sg
⇒ FMM0 ¼ Tobs
γMγM0
P2
ð43Þ
⇒
X
ðI;JÞ
ðγMIJÞ2
X
ðI;JÞ
ðγM0IJ Þ2 ¼ 9ðγMIJÞ2ðγM0IJ Þ2
¼
X
ðI;JÞ
γMIJγ
M0
IJ

2
: ð44Þ
To use the formula for the ET detector, we have to break
the symmetry by changing the ORF of one detector pair by
a small amount ϵðfÞ and then take the limit
ϵðfÞ→ 0 ∀ f:
Without loss of generality, we can, e.g., consider the case
M ¼ T, and we perturb one of the ORFs:
γM12 ¼ γM23 ¼ γM31 − ϵM≕ γM ∀M ∈ fT; V; Sg:
When we plug this into the denominator and numerator of
the fraction in the right-hand side of Eq. (40), we get
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F T ¼ FVVFSS − F2VS
¼

Tobs
P2

2
X
ðI;JÞ
ðγVIJÞ2
X
ðI;JÞ
ðγSIJÞ2 −
X
ðI;JÞ
γVIJγ
S
IJ

2

¼ 2

Tobs
P2

2
ðϵVγS − ϵSγVÞ2 ð45Þ
and similarly for the numerator. Plugging these expressions
into Eq. (40) and taking the limit, we arrive at
detF
F T
¼ FTT −
FVVF2TS − 2FVSFTSFTV þ FSSF2TV
FVVFSS − F2VS
¼ Tobs
P2

3
2
γTϵT þ
3
2
γVγSϵT
ϵTðγVϵS þ γSϵVÞ
ðγVϵS − γSϵVÞ2
þ 3γTγVγSϵT
ϵVϵS
ðγVϵS − γSϵVÞ2

þOðϵ2Þ →ϵ→0 0: ð46Þ
Because of the symmetry of the Einstein Telescope, it is
thus impossible to separate the modes out of the signal. The
ORFs of each detector pair are the same, since they only
depend on their relative orientation. Therefore, the detector
correlation matrix Π has a vanishing determinant, and the
relation between the cross-correlated signals and the modes
of the gravitational wave background cannot be inverted:
detΠ ¼







γT12 γ
V
12 γ
S
12
γT23 γ
V
23 γ
S
23
γT31 γ
V
31 γ
S
31






 ¼






γT γV γS
γT γV γS
γT γV γS





 ¼ 0: ð47Þ
Note that, even by perturbing the symmetry of the ET
(slightly changing the arm length or tilting the detector
plane), the induced changes are negligible and do not allow
the use of the ET alone to distinguish between the
polarization modes. A detailed calculation of the symmetry
breakings can be found in Appendix A 1.
B. Cross-correlation of future Earth-based detectors
We now turn our attention to combinations of the ET
with other detectors, which are already existing (LIGO and
Virgo) or under construction (KAGRA). By adding two
additional signals to the ET cluster, we break the symmetry,
and the problem mentioned in the previous section is
solved. We add the two advanced LIGO detectors in
Livingston (LL) and Hanford (LH) to our set of detectors,
which results in six correlation signals, out of which four
(ET-ET, ET-LL, ET-LH, LL-LH) are independent. This
allows us to distinguish the polarization modes, even if one
of the detectors could not be used for some reason.
In Fig. 3,we compare the noise power spectral densities of
the ET, LIGO,Virgo, andKAGRAand show their combined
sensitivity for the polarization modes of a GW signal.
Note that all ET detectors lie in the same plane and are on
the scale of Earth at the same position. Should one of the
three ET detectors be taken out of the network for any
reason, the directions in which its arms were pointing
would still be covered by the neighboring detectors. This is
why the sensitivity would not be significantly affected.
Moreover, by considering the addition of Virgo and
KAGRA to the network, besides the ET and LIGO, we
slightly gain sensitivity for frequencies above 100 Hz.
IV. DECIGO AND CORRELATION
WITH EARTH DETECTORS
After having considered the combined sensitivity of a
strictly Earth-based network of detectors, we can now
investigate the consequences of a future space-borne
detector. As already mentioned in the Introduction, we
focus on the DECIGO project, since the LISA sensitivity
lies in a lower frequency range than the Earth detectors and
FIG. 3. The noise power spectral densities of all involved
detectors (above) and the sensitivity of all existing and near-
future Earth detectors combined (ET, LIGO, Virgo, and
KAGRA). The minimal achievable sensitivity is considered for
a SNR of 8.
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no overlap of their respective frequency bands would be
possible.
A. Earth-space network sensitivity
DECIGO is a space-based experiment, and therefore
there is no noise due to vibrations of the ground. Since its
sensitive region and the one of the ET and LIGO overlap in
the frequency range between 10 and 100 Hz, it makes sense
to cross-correlate their signal to get a higher precision and
confidence for the separation of the signal into the three
different polarization modes.
The DECIGO experiment consists of four detector
clusters. Each cluster is made up of three satellites, which
form three independent identical Michelson interferome-
ters. One can, e.g., arrange the four clusters in the C3
configuration [17,18], in which two clusters are located at
the same position near the Earth (about 1 AU (astronomical
unit) behind the Earth, on the same orbit around the Sun)
and form a star shape and the remaining two form a triangle
together with the star cluster, which has the Sun at its
center. In Fig. 4, we compare the noise power spectrum of
DECIGO to the ones of the ET and LIGO and plot the
sensitivity of DECIGO in the C3 configuration.
DECIGO is much more sensitive in the low frequencies
than all detectors on Earth combined and is even slightly
more sensitive around 10 Hz, which comes in handy when
we combine it with Earth detectors. When we add the ET
and then LIGO to the set of detectors and sum over all
combinations of cross-correlations, we get the plots shown
in Fig. 5.
As we can see, the ET drags the curves down around
10 Hz and mostly above 100 Hz. In particular, the tensor
and scalar modes are affected and become about as
sensitive as the vector mode. Together with LIGO, the
sensitivity is enhanced by 1 order of magnitude at LIGO’s
most sensitive frequency range around 100 Hz.
B. Time-dependent sensitivity
In the planned C3 configuration of DECIGO we used
previously, each cluster rotates around its own axis
FIG. 4. Noise power spectra of a DECIGO, ET, and advanced
LIGO detector (above) and the sensitivity of DECIGO alone in its
C3 configuration.
FIG. 5. The ET and all DECIGO detectors in the C3 configu-
ration (above) and together with both LIGO detectors (below),
averaged over a total measurement time of one year. The addition
of the LIGO detectors significantly improves the sensitivity
around 100 Hz. Virgo and KAGRA were not included, since
the effect is negligible.
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perpendicular to the detector plane as it rotates around the
Sun, such that it returns to its original position after one
year. A detector on Earth follows Earth rotation and
therefore a relatively quick oscillation of one day super-
posed to a slow oscillation of one year. This combined
change in the orientations of the detectors in a DECIGO
cluster relative to detectors on Earth leads to a time-varying
sensitivity, which is different for each mode, as can be seen
in Fig. 6. The time dependence of the sensitivity is
independent of the frequency. We plot the sensitivities at
100 Hz, where the DECIGO-Earth detector pairs are most
sensitive.
The variation of the sensitivity with time is different if we
form the pair with a DECIGO detector close to the Earth or
one far away from it. The location of the peaks is also
different for DECIGO-Earth pairs, formed with different
DECIGO detectors. Changing the detector on Earth, how-
ever, does not matter, since they are almost at the same
place viewed on the solar system scale and oscillate much
faster and therefore do not influence the trend on a
monthly scale.
We now optimize the sensitivity by combining all
detector pairs with a similar time dependence and average
over an integration time of five days in order to not lose to
much of the variation. For this purpose, we can always form
all pairs with the Earth detectors, but we have to be careful
which space detectors we pick. If we want to be able to
clearly separate the vector mode from the other two, then it
makes sense to pick the C3 configuration because it has
many detectors close to Earth. For two of the detectors in
the star cluster, the correlation with any Earth detector has
almost the same time dependence since their orientation
only differs by 30°. In Fig. 7, we use all those pairs and
integrate over five days to increase the sensitivity. Because
the vector modes time dependence is phase shifted with
respect to the other two modes, we can easily separate it
from the other two in this case.
However, if we rather want to identify the scalar mode,
then it makes more sense to move more clusters farther
away from Earth and at best on the opposite side of the orbit
around the Sun, because for detectors that are far away from
Earth, the scalar mode has large peaks that correspond to
blind spots. In this case, we could arrange the four
DECIGO clusters in a square around the Sun, such that
only one cluster is close to Earth and one is on the opposite
side of Earth orbit. We can then arrange the initial
orientation of the clusters, such that the peaks for one
detector of each of the three clusters far from Earth
coincide. Their combined time-dependent sensitivity is
shown in Fig. 8.
By using the same detectors as previously and combin-
ing the data differently, one gets an alternative method to
the maximum likelihood method for distinguishing the
polarization modes. This can help in checking the results
and gives a higher confidence on a test of GR, without
having to build another experiment.
Note that we performed the same analysis for a scaled-
down version of DECIGO closer to the Earth, B-DECIGO
[19]. Although the sensitivity curves are a bit similar to the
DECIGO ones, the results of the time-dependent sensitiv-
ities do not appear to provide good enough differences
between the modes. All the details regarding B-DECIGO
can be found in Appendix B.
FIG. 7. Combined sensitivity of the detector pairs with one of
two neighboring detectors in the star cluster and all ground-based
detectors with an integration time of five days at a frequency of
100 Hz for one year.
FIG. 6. Above: There are two DECIGO detectors in the star
cluster, which show the same time dependence when cross-
correlated with an Earth detector. We take all correlations
between those two and all ET and LIGO detectors. Below: In
a square configuration, in which the four DECIGO clusters are
located on each corner of a square placed around the Sun, one
corner is close to the Earth whereas the three other ones are far
away from it. These three distant clusters have the same time
dependence when we correlate them with Earth detectors. We
form all pairs of these three with the ET and LIGO. Both plots
correspond to a frequency of 100 Hz.
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V. GRAVITATIONAL WAVES
FROM POINT SOURCES
Until now, we have calculated the sensitivity of
various combinations of GW detectors to an isotropic
gravitational wave background. Now, we attempt to do
the same for point sources. Since the signal of a point
source is coming from a specific direction, we do not
average over all solid angles, and our sensitivity becomes
direction dependent.
A. Sensitivity
The derivation of the expression for the signal-to-
noise ratio works in analogy to what we have done in
Sec. II. The metric perturbation field at the location of the
detector x⃗I can be described as the sum of all gravita-
tional waves, incident on the detector I, coming from all
directions:
hijðt; x⃗IÞ ¼
X
A
Z
S2
hAðt; x⃗I; ΩˆÞeAijðΩˆÞdΩˆ
¼
X
A
Z Z
S2
h˜Aðf; ΩˆÞe2πifðt−
Ωˆ·x⃗I
c ÞeAijðΩˆÞdΩˆdf:
ð48Þ
For a gravitational wave coming from a point source
located at Ωˆ0 in the sky, the frequency-space amplitude
takes the form
h˜Aðf; ΩˆÞ ¼ hˆAðfÞδðΩˆ − Ωˆ0Þ: ð49Þ
The response of the detector I to an incoming gravita-
tional wave is described by the so-called pattern functions
FAI , which are defined by contracting the basis tensors e
A of
the metric perturbations due to GWs for the polarizations
A ∈ fþ;×; x; y; b; lg with the detector tensor DI:
FAI ðΩˆÞ ≔ eAijðΩˆÞDijI : ð50Þ
Therefore, the Fourier transform of the signal is given by
h˜IðfÞ ¼
X
A
h˜AðfÞe−2πif
Ωˆ0 ·x⃗I
c FAI ðΩˆ0Þ: ð51Þ
By cross-correlating two strains of different detectors (sI ,
sJ), we get rid of the noise as seen in Eq. (12). Thus, the
expectation of the Fourier transform of the two strains is
E½h˜IðfÞh˜Jðf0Þ ¼ h˜AðfÞh˜A0 ðf0Þe−2πic Ωˆ0·ðfx⃗I−f0x⃗JÞ
· FAI ðΩˆ0ÞFA0J ðΩˆ0Þ: ð52Þ
To maximize the signal-to-noise ratio, we filter this
cross-correlated strain with a filter function Q˜,
μ ≔ E½Y ¼
Z
δTðf − f0ÞE½h˜I ðfÞh˜Jðf0ÞQ˜ðf0Þdf0df
¼
Z
h˜AðfÞh˜A0 ðfÞe−
2πif
c Ωˆ0·ðx⃗I−x⃗JÞ
· FAI ðΩˆ0ÞFA0J ðΩˆ0ÞQ˜ðfÞdf; ð53Þ
where Y is the cross-correlated signal:
Y≔
Z
∞
−∞
Z
∞
−∞
δTðf−f0Þs˜I ðfÞs˜Jðf0ÞQ˜ðf−f0Þdf0df: ð54Þ
To find the optimal filter function Q˜, we define a scalar
product on the space of smooth complex valued functions
C∞ðCÞ:
ðA;BÞ ≔
Z
AðfÞBðfÞPIðjfjÞPJðjfjÞdf: ð55Þ
Since the noise power spectra diverge algebraically at the
origin and at infinity, we have to restrict our functions A and
B to the Schwartz space SðCÞ.
We can express the expectation of the correlated signal
and its variance in terms of this scalar product,
μ ¼

Q˜;
h˜Ah˜A0e−
2πif
c Ωˆ0·Δx⃗FAI F
A0
J
PIPJ

; ð56Þ
σ2 ≔ V ½Y ¼ E½Y2 − E½Y2 ≈ E½Y2 ¼ T
4
ðQ˜; Q˜Þ; ð57Þ
where Δx⃗ ≔ x⃗I − x⃗J is the distance vector between the
detectors I and J.
FIG. 8. Time-dependent sensitivity of detector pairs with one of
each of the three clusters far from Earth in the square configu-
ration with all Earth detectors, binned in time with steps of five
days at a frequency of 100 Hz for one year.
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The signal-to-noise ratio is therefore given by
SNR ¼ μ
σ
¼

Q˜; h˜

Ah˜A0e
−2πifc Ωˆ0 ·Δx⃗FAI F
A0
J
PIPJ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T
4
ðQ˜; Q˜Þ
q : ð58Þ
This can be maximized by choosing the filter function Q˜
parallel to the correlated signal with respect to our scalar
product,
Q˜ ∝
h˜Ah˜A0e−
2πif
c Ωˆ0·Δx⃗FAI F
A0
J
PIPJ
≕ hhIhJi: ð59Þ
With a proportionality constant K, we get
SNR ¼
ﬃﬃﬃ
4
T
r
ðKhhIhJi; hhIhJiÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðKhhIhJi; KhhIhJiÞp
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TðhhIhJi; hhIhJiÞ
p
: ð60Þ
Without loss of generality, we can therefore choose
Q˜ ¼ hhIhJi. Finally, we can calculate the maximal possible
signal-to-noise ratio, with this choice of optimal filter
function,
SNR ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
T
ðQ˜; Q˜Þ
r
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
T
Z ðh˜AðfÞh˜A0 ðfÞFAI ðΩˆ0ÞFA0J ðΩˆ0ÞÞ2
PIðjfjÞPJðjfjÞ
df
s
: ð61Þ
To extract the frequency dependence and the polariza-
tion, we insert a harmonic wave with amplitude h0,
frequency f, and polarization A:
h˜ðfÞ ¼! h0δTðf − f0ÞδA0A; ð62Þ
SNR ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2
ðjh0j2FAI ðΩˆ0ÞFAJ Ωˆ0Þ2
PIðjfjÞPJðjfjÞ
s
¼ 2T jh0j
2FAI ðΩˆ0ÞFAJ ðΩˆ0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðjfjÞPJðjfjÞ
p : ð63Þ
So, we get the minimal amplitude required to detect a
gravitational wave with polarization A and at a SNR of at
least 8:
jhA0 ðfÞjmin ¼
ﬃﬃﬃﬃﬃ
32
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPIðjfjÞPJðjfjÞ4pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TFAI ðΩˆ0ÞFAJ ðΩˆ0Þ
q : ð64Þ
B. Determination of location and polarizations
of point sources
If one has more than eight detector pairs ðI; JÞ (DECIGO
would do, e.g.), one can solve for the direction Ωˆ ≃ ðθ;ϕÞ
and all six possible polarizations A ∈ fþ;×; x; y; b; lg of
an incoming gravitational wave from a point source. We
determine the SNR for each quantity under the assumption
that the maximum likelihood method is used to calculate
them from the at least eight cross-correlated signals μIJ.
The derivation is analogous to the one given by Nishizawa
et al. [22].
The true parameters are denoted by θ⃗true ¼ ðY; sA; ωˆÞ:
YIJðfÞ ¼ T3=2




X
A
s˜AðfÞFAI ðωˆÞ
X
A0
s˜A0 ðfÞFA0J ðωˆÞ




: ð65Þ
The estimated values are μ ¼ hYi; hA ¼ hsAi; Ωˆ ¼ hωˆi,
μIJðfÞ ¼ YIJðfÞ þ nIJðfÞ
¼ T3=2




X
A
h˜AðfÞFAI ðΩˆÞ
X
A0
h˜A0 ðfÞFA0J ðΩˆÞ




; ð66Þ
where the noise nIJðfÞ satisfies
E½nIJðfÞ ¼ 0; ð67aÞ
V ½nIJðfÞ ¼
T
4
PIðfÞPJðfÞ≕N IJðfÞ: ð67bÞ
Our likelihood function is given by
LðμIJjθ⃗Þ ¼ exp

−
X
ðI;JÞ
ðYIJ − μIJÞ2
2N IJ
	
; ð68Þ
with the parameters θ⃗ ¼ ðθ;ϕ;þ;×; x; y; b; lÞ.
The Fisher information matrix can then be calculated as
follows:
Fij ¼ E½ð∂θi lnLðμIJjθ⃗ÞÞð∂θj lnLðμIJjθ⃗ÞÞ; ð69Þ
F ¼
0
B@ Fθθ Fθϕ FθA
0
Fϕθ Fϕϕ FϕA0
FAθ FAϕ FAA0
1
CA: ð70Þ
To simplify the notation, we define α0 ≔ 2πfc . We now
calculate the θθ and the θA components for a GW with
polarization A0:
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Fθθjh¼hA0 ¼ E½ð∂θ lnLÞ2jh¼hA0 ¼ E
X
ðI;JÞ
1
N IJ
ðYIJ − μIJÞT3jh˜A0 j2∂θFA0I FA0J

2
	
¼
X
ðI;JÞ
1
N 2IJ
E½ðYIJ − μIJÞ2|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼N IJ
T3ðjh˜A0 j2∂θFA0I FA0J Þ2
þ
X
ðI;JÞ≠ðI0;J0Þ
1
N IJN I0J0
E½ðYIJ − μIJÞðYI0J0 − μI0J0 Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼0
T3ðjh˜A0 j2∂θFA0I FA0J Þðjh˜A0 j2∂θFA0I0 FA0J0 Þ
¼
X
ðI;JÞ
T3
N IJ
ðjh˜A0 j2∂θFA0I FA0J Þ2; ð71Þ
FθAjh¼hA0 ¼ E½ð∂θ lnLÞð∂ jh˜Aj2 lnLÞjh¼hA0
¼ E
"X
ðI;JÞ
1
N IJ
ðYIJ − μIJÞT32jh˜A0 j2∂θFA0I FA0J
X
ðI;JÞ
1
N IJ
ðYIJ − μIJÞT32∂ jhAj2 jh˜Ih˜Jj





h¼hA0
#
¼
X
ðI;JÞ
T3
N IJ

FAI F
A
J þ ð1 − δAA0Þ
1
2
ðFAI Þ2FA0J
FA0I
þ ðF
A
J Þ2FIA0
FA0J
	
jh˜A0 j2∂θFA0I FA0J : ð72Þ
A detailed calculation of the matrix elements for the more general case, in which we have different integration times for
different detectors, can be found in Appendix D. We list here the rest of the components again for an A0 polarized wave:
Fϕϕ ¼
X
ðI;JÞ
T3
N IJ
ðjh˜A0 j2∂ϕFA0I FA0J Þ2;
Fθϕ ¼
X
ðI;JÞ
T3
N IJ
ðjh˜A0 j2Þ2ð∂θFA0I FA0J Þð∂ϕFA0I FA0J Þ;
FϕA ¼
X
ðI;JÞ
T3
N IJ

FAI F
A
J þ ð1 − δAA0Þ
1
2
ðFAI Þ2FA0J
FA0I
þ ðF
A
J Þ2FA0I
FA0J
	
jh˜A0 j2∂ϕFA0I FA0J ;
FAA0 ¼
X
ðI;JÞ
T3
N IJ

FAI F
A
J þ ð1 − δAA0Þ
1
2
ðFAI Þ2FA0J
FA0I
þ ðF
A
J Þ2FA0I
FA0J
	
·

FA
0
I F
A0
J þ ð1 − δA0A0Þ
1
2
ðFA0I Þ2FA0J
FA0I
þ ðF
A0
J Þ2FA0I
FA0J
	
:
ð73Þ
The inverse of the Fisher matrix is the covariance matrix, which has the variance of θi in the ith diagonal entry. So, the
square of the SNR for measuring polarization A is given by
SNR2A ≔
ðjh˜Aj2Þ2
σ2A





h¼hA
¼ ðjh˜Aj
2Þ2
ðF−1ÞAA





h¼hA
¼ ðjh˜Aj
2Þ2 detF
FA





h¼hA
; ð74Þ
where F θi is the determinant of the minor one gets from
removing the ith row and column from the Fisher matrix F.
The SNR of the cross-correlation is related to the one of
amplitude by
SNR½μ ¼ SNR½h2 ¼ SNR2½h: ð75Þ
Again, demanding an SNR½h of at least 8 gives us the
minimal amplitude. We can read off the prefactors by
comparing with the result for one detector pair above:
jh˜Ajmin ¼
ﬃﬃﬃﬃﬃ
32
T
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



 FAdetF





h¼hA
4
s
: ð76Þ
The variance of the position in the sky is given by
V ½θ ¼ ðF−1Þθθ ¼
F θ
detF
; ð77aÞ
V ½ϕ ¼ ðF−1Þϕϕ ¼
Fϕ
detF
: ð77bÞ
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It turns out that the angular pattern functions of the
breathing and the longitudinal modes are proportional to
each other: FlI ¼ −
ﬃﬃﬃ
2
p
FbI . Therefore, it is impossible to
distinguish these two with laser interferometry, and we thus
focus on the distinction between the four tensor and vector
polarizations and the scalar mode. From now on, we use the
polarization A as
A ∈ fþ;×; x; y; Sg: ð78Þ
In our calculations, we only use one cluster out of all the
DECIGO clusters, namely, the one closest to Earth
(ϕ ¼ −20° from the Earth position, on its orbit around
the Sun). We keep including the ETand the already existing
LIGO detectors. We adopt the HEALPIX pixelization
scheme to evenly distribute n points on the sky (we used
n ¼ 48 and Nside ¼ 2 to generate Fig. 9–13; more detailed
explanations about the HEALPIX scheme can be found in
Ref. [27]) and then average over the hmin values for each f
and obtain the frequency-dependant behavior of the aver-
age sensitivity of the ET, LIGO, and DECIGO in Fig. 9.
There are two aspects of the frequency-dependent
standard deviation of θ and ϕ. One is that if one measures
a signal with a certain amplitude then we can measure the
position of the source more precisely if it emits GW in
frequencies in which the detector network is more sensitive.
We plot this in Fig. 10. The other aspect is that the standard
deviations vary with the frequency, relative to the sensi-
tivity at that frequency. This means that if we consider, for
FIG. 9. Frequency-dependent sensitivity of the ET, LIGO, and
DECIGO toward the polarizations A ∈ fþ;×; x; y; Sg.
FIG. 10. Frequency-dependent standard deviation of θ and ϕ for (a),(b) a GW with amplitude h ¼ 10−25 and (c),(d) twice the minimal
amplitude of the scalar mode h ¼ 2jhSjmin (see Fig. 9).
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instance, a wave that has twice the minimal amplitude for
each frequency, we still get frequency dependence. In
Fig. 10 (below), we take h ¼ 2jhSjminðfÞ since it is always
higher than the other polarizations and we can therefore
detect it, no matter which polarization we choose, and for
any fixed frequency we have the same amplitude for all
polarizations. This allows us to compare the polarizations
with each other.
FIG. 11. Sensitivity of the ET, LIGO, and DECIGO at 100 Hz toward the polarizations A ∈ fþ;×; x; y; Sg in the left column. Standard
deviation of the θ and ϕ angle for a GW with polarization A and amplitude of hA ¼ 2.6 × 10−26 in the middle and right columns,
respectively.
FIG. 12. Sensitivity of the ET, LIGO, and DECIGO at 10 Hz toward the polarizations A ∈ fþ;×; x; y; Sg in the left column. Standard
deviation of the θ and ϕ angle for a GW with polarization A and amplitude of hA ¼ 8.9 × 10−26 in the middle and right columns,
respectively.
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In Fig. 11, we give the direction-dependent sensitivities
using Eq. (76), along with the angular resolution for waves
with these polarizations by taking the square root of
Eqs. (77a) and (77b) at a frequency of 100 Hz, where our
set of detectors is most sensitive. We do a similar procedure
at 10 and 1 Hz, and the results are given in Figs. 12 and 13.
Note that the purple zones correspond to true poles.
VI. CONCLUSION
The Einstein Telescope alone cannot be used to distin-
guish between GW polarization modes, and small changes
in its geometry lead to no almost no difference. However,
by combining the ET with second-generation detectors
such as LIGO, VIRGO, and KAGRA, one can detect a GW
background with a strain amplitude down to 10−26 and
distinguish its polarization modes around a frequency of
100 Hz. One can enhance the sensitivity for lower frequen-
cies by cross-correlating the network with the DECIGO
detector, especially in its C3 configuration. In that case, the
observation window is enhanced and allows measurement
of strains below 10−23, down to 10−26, in a frequency band
from 0.1 to 10 kHz.
It is possible to use an alternative method to distinguish
the modes by using the time dependence of the signals.
Using the right detector pairs, one can then clearly
distinguish the scalar and vector modes by the blind spots.
The effect is quite significant over a time period of
one year for a ground-space network of detectors involving
DECIGO, the ET, and LIGO. In the case of a scaled-down
B-DECIGO detector, the time dependence is, however,
very chaotic, due to the angular frequency around Earth,
which is then an irrational fraction of Earth rotation, and the
distance to Earth detectors, which varies significantly. The
sensitivities of the different modes are too close together
whenever the detectors are too close to Earth. This can be
resolved, however, if one chooses an orbit on a higher
altitude such that it circles the Earth once a day. In that case,
the method becomes more complicated than with the
original DECIGO but is still feasible.
We have thus showed that second- and third-generation
detectors, combined with space detectors, can provide two
different methods to test GR or constrain alternative theories
by measuring the polarization of a GW background.
In a future project, one could investigate the possibilities
of detecting inhomogeneities in the GW background,
analogous to the ones in the cosmicmicrowave background.
Up to now, we only calculated the minimal strain of a GW to
be detected, but to find out how large the deviation from the
meanwould have to be to detect them,wewould have to deal
with the variance of the parameter estimation. It would be
interesting to find out what angular resolution one could get
with various detector combinations.
Gravitationalwaves should travel undisturbed sincePlanck
time, which would make it possible to measure properties of
the early quantum gravitational Universe directly. This could
give us valuable hints on the search of a unifying theory. This
feature of gravitational waves over electromagnetic waves
also has its drawbacks. Because of the enormous density of
the earlyUniverse,many emissionsofGWwouldbe expected
from different epochs after the big bang, and the difficulty
FIG. 13. Sensitivity of the ET, LIGO, and DECIGO at 1 Hz toward the polarizations A ∈ fþ;×; x; y; Sg in the left column. Standard
deviation of the θ and ϕ angle for a GW with polarization A and amplitude of hA ¼ 3.8 × 10−25 in the middle and right columns,
respectively.
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wouldbe todistinguish a signal of an earlier epoch froma later
one. Overcoming that problem could, however, allow us to
establish a complete gravitationalmap of the beginning of our
Universe.
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APPENDIX A: SYMMETRY OF THE ET
1. ET perturbations
We have seen in Sec. III that one cannot distinguish
between the three polarization modes with the ET alone,
although we have three signals, because of the symmetric
arrangement of the three interferometers composing the ET.
One has to thus break the symmetry in order to make the
three rows in the detector correlation matrix independent.
We are going to consider two ways of doing that perturba-
tively and use the framework of the previous section to
determine their impact on the sensitivity, which will allow
us to compare both methods.
a. Irregular triangle
We make one opening angle smaller by a small angle ϵϕ
and make another angle bigger by the same amount, which
leaves the third angle unchanged. We now have a com-
pletely irregular triangle with three different angles, and
therefore the ORFs of all three detector pairs become
different, and the detector correlation matrix becomes
invertible.
Changing the angles will also change the arm lengths and
therefore the distance between a detector pair.We use the sine
law to determine the impact of a change in the angles on the
change in the distance δ. To estimate theorder ofmagnitude of
the effect of the perturbation on the detector correlation
matrix,we calculate the change in theORFof thedetector pair
(1,2), when we shrink the angle ϕ3 and enlarge ϕ1 by ϵϕ,
which leaves ϕ2 unchanged but shortens d12,
d−δ
sinðϕ3Þ
¼ d
sinðϕ1Þ
; ϕ3¼ϕ−ϵϕ; ϕ1¼ϕþϵϕ; ðA1Þ
for ϕ ¼ π=3. To first order, we get
δ ≈
ﬃﬃﬃ
3
p
dϵϕ: ðA2Þ
With that expression, we can relate the effects of a change in
the distance to the change in the angles:
ρMi ↦ ðρMi Þð0Þ −
ﬃﬃﬃ
3
p
αðρMi Þ0ϵϕ; ðA3Þ
cos β↦ cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ: ðA4Þ
The only coordinate angle that changes is σ1þ. If we now
insert in Eq. (38) the values of all angles,
σ1− ¼ 0; σ1þ ↦ σð0Þ1þ þ ϵϕ; σð0Þ1þ ¼
π
3
; ðA5Þ
σ2− ¼
2π
3
; σ2þ ¼ π; ðA6Þ
we get the new ORF:
γM12 ¼
1
16

−3ρM1 sin2σ1þ þ
ﬃﬃﬃ
3
p
2

2ρM1 cos β þ ρM2
1þ cos β
2
	
sinð2σ1þÞ
þ 3
4
½4ρM1 cos2β þ 2ρM2 ð1þ cos βÞ cos β þ ρM3 ð1þ cos βÞ2ðcos2σ1þ − 1Þ

↦
1
16

−3ððρM1 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM1 Þ0ϵϕÞðsin2σð0Þ1þ þ 2 sin σð0Þ1þ cos σð0Þ1þϵϕÞ
þ
ﬃﬃﬃ
3
p
2

2ððρM1 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM1 Þ0ϵϕÞ

cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ

þ 1
2
ððρM2 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM2 Þ0ϵϕÞ

1þ cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ
	
ðsinð2σð0Þ1þÞ þ 2 cosð2σð0Þ1þÞϵϕÞ
þ 3
4

4ððρM1 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM1 Þ0ϵϕÞ

cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ

2
þ 2ððρM2 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM2 Þ0ϵϕÞ

1þ cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ

cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ

þððρM3 Þð0Þ −
ﬃﬃﬃ
3
p
αðρM3 Þ0ϵϕÞ

1þ cos βð0Þ þ
ﬃﬃﬃ
3
p d2
R2E
ϵϕ

2
	
ðcos2σð0Þ1þ − 2 cos σð0Þ1þ sin σð0Þ1þϵϕ − 1Þ

: ðA7Þ
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We can simplify this expression, by plugging in the values for σð0Þ1þ and approximating cos β
ð0Þ, using the fact that
d2
R2E
¼ 2.5 × 10−6 ≪ 1:
cos βð0Þ ¼ 1 − d
2
2R2E
≈ 1: ðA8Þ
To first order in ϵϕ, we get
ϵM ≈
1
16

−
3
ﬃﬃﬃ
3
p
2

ðρM1 Þð0Þ −
3
2
αðρM1 Þ0
	
−
ﬃﬃﬃ
3
p
2

2ðρM1 Þð0Þ þ 3αðρM1 Þ0 þ ðρM2 Þð0Þ þ
3
2
αðρM2 Þ0
	
−
3
ﬃﬃﬃ
3
p
4
½2ððρM1 Þð0Þ þ ðρM2 Þð0Þ þ ðρM3 Þð0ÞÞ − 3αððρM1 Þ0 þ ðρM2 Þ0 þ ðρM3 Þ0Þ

ϵϕ
≈ −
ﬃﬃﬃ
3
p
32

8ðρM1 Þð0Þ þ 4ðρM2 Þð0Þ þ 3ðρM3 Þð0Þ − 3α

2ðρM1 Þ0 þ ðρM2 Þ0 þ
3
2
ðρM3 Þ0

ϵϕ: ðA9Þ
In Fig. 14, we plot the response factor, which multiplies to ϵϕ to get the change in the ORF ϵM.
The response factor stays almost constant at a value of −0.87, since α ≪ 1 until we get close to the critical frequency
fcrit ¼ 3 × 104 Hz, defined over fcritdc ≔ 1.
b. Tilted detector planes
Now, we leave the angles and the arm lengths of the three Michelson interferometers invariant but tilt the plane in which
one of the three detectors lies. We tilt the plane of detector 1, such that uˆ1 gets tilted in negative z direction. The other
detector arms stay unchanged (uˆJ ¼ uˆð0ÞJ for J ≠ 1 and vˆJ ¼ vˆð0ÞJ for all J), and we can write the perturbation as
uˆ1 ↦ uˆ
ð0Þ
1 þ δuˆ1; δuˆ1 ¼
0
B@ 00
−δu
1
CA: ðA10Þ
The angle α by which uˆ1 is rotated can be approximated by
α ≈ sin α ≈ δu: ðA11Þ
We calculate the contractions of the perturbed detector tensors, analogous to Eqs. (35)–(37) to first order in δu:
Dij1D
2
ij ¼
1
4
h
ðuˆð0Þ1 · uˆ2 þ δuˆ1 · uˆ2Þ2 − ðvˆ1 · uˆ2Þ2 − ðuˆð0Þ1 · vˆ2 þ δuˆ1 · vˆ2Þ2 þ ðvˆ1 · vˆ2Þ2
i
≈
1
4
ðDij1D2ijÞð0Þ þ
1
2
h
ðuˆð0Þ1 · uˆ2Þðδuˆ1 · uˆ2Þ − ðuˆð0Þ1 · vˆ2Þðδuˆ1 · vˆ2Þ
i
:
Using the angles for the ET as in Eq. (A6), we get
δðDij1D2ijÞ ¼
1
2
½ðcos β cos σ1− cos σ2− þ sin σ1− sin σ2−Þδu sin β cos σ2−
− ðcos β cos σ1− cos σ2þ þ sin σ1− sin σ2þÞδu sin β cos σ2þ
¼ 1
2
cos β sin βðcos2σ2− − 1Þδu ¼ −
3
8
cos β sin βδu; ðA12Þ
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Di1;kD
kj
2 dˆidˆj ¼
1
4
ððuˆð0Þ1 · dˆþ δuˆ1 · dˆÞðuˆð0Þ1 þ δuˆ1Þ − ðvˆ1 · dˆÞvˆ1Þ · ððuˆ2 · dˆÞuˆ2 − ðvˆ2 · dˆÞvˆ2Þ
≈ ðDi1;kDkj2 dˆidˆjÞð0Þ þ
1
4
ððδuˆ1 · dˆÞuˆð0Þ1 þ ðuˆð0Þ1 · dˆÞδuˆ1Þ · ððuˆ2 · dˆÞuˆ2 − ðvˆ2 · dˆÞ · vˆ2Þ;
δðDi1;kDkj2 dˆidˆjÞ ¼
1
8ð1 − cos βÞ ðδuð1 − cos βÞuˆ
ð0Þ
1 þ cos σ1− sin βδuˆ1Þ · ðsin β cos σ2−uˆ2 − sin β cos σ2þvˆ2Þ
¼ sin β
8

cos σ2−cos β cos σ2−|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
uˆð0Þ
1
·uˆ2
− cos β|ﬄ{zﬄ}
uˆð0Þ
1
·vˆ2

δuþ 1þ cos β
8

cos σ2−δu sin β cos σ2−|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
δuˆ1·uˆ2
− δu sin β|ﬄﬄﬄ{zﬄﬄﬄ}
δuˆ1·vˆ2

¼ sin β
8
½cos βðcos2σ2− − 1Þ þ ð1þ cos βÞðcos2σ2− − 1Þδu
¼ − sin β
8
ð1þ 2 cos βÞsin2σ2−δu ¼ −
3
4
sin β
8
ð1þ 2 cos βÞδu; ðA13Þ
Dij1D
kl
2 dˆidˆjdˆkdˆl ¼
1
4
ððuˆð0Þ1 · dˆþ δuˆ1 · dˆÞ2 − ðvˆ1 · dˆÞ2Þððuˆ2 · dˆÞ2 − ðvˆ2 · dˆÞ2Þ
¼ ðDij1Dkl2 dˆidˆjdˆkdˆlÞð0Þ þ
1
2
ððuˆð0Þ1 · dˆÞðδuˆ1 · dˆÞÞððuˆ2 · dˆÞ2 − ðvˆ2 · dˆÞ2Þ;
δðDij1Dkl2 dˆidˆjdˆkdˆlÞ ¼
1
8ð1 − cos βÞ2 cos σ1− sin βδuð1 − cos βÞðsin
2 β cos2 σ2− − sin2 β cos2 σ2þÞ
¼ 1þ cos β
8
sin βðcos2 σ2− − 1Þδu ¼ −
3
4
1þ cos β
8
sin βδu: ðA14Þ
Finally, we can patch all terms together in order to calculate the perturbation ϵM:
ϵM ¼ ρM1 δðDij1D2ijÞ þ ρM2 δðDi1;kDkj2 dˆidˆjÞ þ ρM3 δðDij1Dkl2 dˆidˆjdˆkdˆlÞ
¼ − 3
8
sin β

ρM1 cos β þ
1
4
ρM2 ð1þ 2 cos βÞ þ
1
4
ρM3 ð1þ cos βÞ

δu: ðA15Þ
Again, we find that ϵM is almost independent of f, but
the effect is 3 orders of magnitude smaller if we tilt one
plane, instead of deforming the equilateral triangle,
ϵM ¼ 1.2 × 10−3δu: ðA16Þ
The response factor for the tilted plane, shown in Fig. 15,
stays at about −0.001 for frequencies far below fcrit and
oscillates ever closer around zero for increasing frequencies
above 105 Hz. Since the ET is designed to measure a
frequency range from 1.5 to 10 kHz, the oscillations are not
relevant. We find that the response to the same small
change in the tilt angle is 3 orders of magnitude smaller
than that of the change in the opening angle.
The effect of a perturbation is at best as small as the angle
by which we change the ET’s geometry, in the case of the
irregular triangle. As we will argue in the next section, the
problem is resolved if one adds additional detectors, e.g.,
LIGO, which exists already anyway, and changing the
geometry of the ET is therefore not worth the effort.
FIG. 14. The factor with which the ORF responds to a small
change in the detector angles.
FIG. 15. Factor with which the ORF responds to a small tilt of
one of the detector planes.
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APPENDIX B: B-DECIGO
The scaled-down detector B-DECIGO [19] orbits around
the Earth on an altitude of 2000 km, which is on the same
order of magnitude as the radius of the Earth (6371 km). If
we replace DECIGO by B-DECIGO, we can see in Fig. 16
that the sensitivity gets worse below 10 Hz for all polar-
izations, as compared to DECIGO.
B-DECIGO circles the Earth in a Sun-synchronous
dusk-dawn orbit with an angular frequency of about
8.2 × 10−4 s−1, while Earth rotation corresponds to
7.3 × 10−5 s−1. This leads to rapidly varying distances
and directions of the detector arms, and the irrational ratio
between the two angular velocities leads to a chaotic
behaviour, which makes the use of the time-dependent
sensitivity very complicated. Additionally, one can observe
that the sensitivities for the different modes get closer
together as one moves a space detector closer to Earth.
If one would instead let B-DECIGO take the same type
of orbit but on a higher altitude (35,867 km), such that it
would circle Earth in one day, one would get almost the
same signal every day over a period of about a week,
because the change would now be on the timescale of a
year. The detectors would also be far enough from Earth to
get relevantly different sensitivity curves for the different
modes. The procedure would be more complicated than in
the case of DECIGO, but one could still use certain blind
spots or other characteristics that only one mode shows. A
large disadvantage to DECIGO would also be that one
would have to spot those characteristics in a model in
advance, since the sensitivities are not periodic.
We compare the time-dependent sensitivities of both
versions (original B-DECIGO and higher altitude) for time
span of one day in Fig. 17.
In Fig. 18, we plot the frequency-dependent sensitivity of
B-DECIGO together with the ET and LIGO in the case of
point sources. The behavior is very similar to that with
DECIGO, except that the plateau around 1 Hz is missing.
Since B-DECIGO is not as sensitive as DECIGO, it can
only increase the sensitivity there a bit.
APPENDIX C: DELTA DISTRIBUTION
APPROXIMATION
In this Appendix, we give a detailed derivation of
the signal-to-noise ratio for a merger by focusing on the
approximations of the Dirac delta distribution and the
Fourier transforms. We first use a scalar signal, measured
by two detectors, to simplify the calculation and then
FIG. 16. Combined sensitivity of B-DECIGO, the ET, and both
advanced LIGO detectors.
FIG. 17. Time dependence of the sensitivity for B-DECIGO for
one day (above) and for a higher altitude of 35867 km (below) for
a frequency of 100 Hz.
FIG. 18. Frequency-dependent sensitivity of the ET, LIGO, and
B-DECIGO.
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generalize to a wave with arbitrary polarizations measured
by multiple detectors.
In the future, all GW detectors together could be
sensitive enough to measure the inspiral of a binary black
hole or neutron star merger, months before the merger event
happens. In this case, detectors with different distances
from the source would have different observation times.
This would help in measuring the position of the source in
the sky,
cΔT ¼ Ωˆ ·Δx⃗IJ; ΔT ¼ TI − TJ; Δx⃗IJ ¼ x⃗I − x⃗J;
ðC1Þ
where TI and TJ are the observation times of the detectors I
and J, x⃗I and x⃗J are their position vectors, and Ωˆ is the
direction of travel of the GW.
We define the cross-correlated and filtered strain ampli-
tude of the detector pair ðI; JÞ by
Y ≔
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
sIðtÞsJðt0ÞQðt − t0Þdt0dt; ðC2Þ
where Q is the filter function and sI and sJ are the strains
measured by the detectors I,J, which are the sum of the
signal hI and the noise nI in detector I:
sIðtÞ ¼ hIðtÞ þ nIðtÞ: ðC3Þ
By taking the ensemble average, we get rid of the
noise terms,
μ ≔ E½Y
¼
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
fE½hIðtÞhJðt0Þ þ E½hIðtÞnJðt0Þ þ E½nIðtÞhJðt0Þ þ E½nIðtÞnJðt0ÞgQðt − t0Þdt0dt
¼
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
Z
h˜I ðfÞe2πifðt−
Ωˆ·x⃗I
c Þdf
Z
h˜Jðf0Þe−2πif0ðt0−
Ωˆ·x⃗J
c Þdf0Qðt − t0Þdt0dt
¼
Z
h˜I ðfÞh˜Jðf0Þe−2πic Ωˆ·ðfx⃗I−f0x⃗JÞ
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
Qðt − t0Þe−2πiðf0t0−ftÞdt0dtdf0df; ðC4Þ
where we replaced the signal by its Fourier transform: hIðtÞ ¼
R
h˜IðfÞe−2πifðt−
Ωˆ·x⃗I
c Þdf.
We apply the substitution to the integral over t0, τ ¼ t − t0, dτ ¼ dt,
μ ¼
Z
h˜I ðfÞh˜Jðf0Þe−2πic Ωˆ·ðfx⃗I−f0x⃗JÞ ·
Z
TJ=2
−TJ=2
Z
TI=2−t0
−TI=2−t0
QðτÞe2πifτdτe−2πiðf0−fÞt0dt0df0df: ðC5Þ
Then, we approximate the integral over τ with the Fourier transform of the filter function Q:
Z
TI=2−t0
−TI=2−t0
QðτÞe2πifτdτ ≈ Q˜ðfÞ: ðC6Þ
If we shift a wave packet in time, it is still composed of the same frequencies. Therefore, we can ignore the time shift in the
integration volume by −t.
We pull this out of the t integral and get
Z
TJ=2
−TJ=2
e−2πiðf0−fÞt0dt0 ¼ − 1
πΔf
1
2i
ðe−πiΔfTJ − eπiΔfTJÞ ¼ sinðπΔfTJÞ
πΔf
≕ δTJðf0 − fÞ: ðC7Þ
If Δf ¼ f0 − f approaches zero, we get limΔf→0δTJðΔfÞ ¼ limΔf→0 1πΔf ð0þ πTJΔf þOðΔf2ÞÞ ¼ TJ, and for big Δf,
δTJ gets small: 



 sinðπΔfTJÞπΔf




 ≤ 1πΔf ⟶Δf→∞ 0: ðC8Þ
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By approximating δTJðf0 − fÞ ≈ δðf0 − fÞ with the Dirac delta distribution, we can evaluate the integral over f0:
μ ≈
Z
h˜I ðfÞh˜Jðf0Þe−2πic Ωˆ·ðfx⃗I−f0x⃗JÞQ˜ðf0Þδðf0 − fÞdf0df ¼
Z
h˜I ðfÞh˜JðfÞQ˜ðfÞe−2πif
Ωˆ·Δx⃗IJ
c df: ðC9Þ
We now have an expression for the signal. To calculate the signal-to-noise ratio, we need to deal with noise, which is the
square root of the variance in the absence of a signal:
σ2 ≔ V ½Yjh¼0 ¼ E½Y2 − E½Y2jh¼0 ¼ E½Y2jh¼0
¼
Z
TI=2
−TI=2
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
Z
TJ=2
−TJ=2
E½sIðtÞsIðt0ÞsJðτÞsJðτ0ÞQðt − τÞQðt0 − τ0Þdτ0dτdt0dtjh¼0
¼
Z
TI=2
−TI=2
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
Z
TJ=2
−TJ=2
E½nIðtÞnIðt0ÞE½nJðτÞnJðτ0ÞQðt − τÞQðt0 − τ0Þdτ0dτdt0dt: ðC10Þ
Since the noises of the two detectors are independent of
each other, we can take their expectation separately. We
then insert the FT of the noise, in the time interval in which
the measurement is taken,
nIðtÞ ¼
Z
n˜IðfÞe−2πiftdf; ðC11Þ
and then swap the time and frequency integrals and
approximate the FT of the filter function and the delta
distribution as before:
σ2 ¼
Z
E½n˜I ðfÞn˜Iðf0ÞE½n˜JðνÞn˜Jðν0Þ
· Q˜ðνÞδðν − fÞQ˜ðν0Þδðν0 − f0Þdν0dνdf0df
¼
Z
E½n˜I ðfÞn˜Iðf0ÞE½n˜JðfÞn˜Jðf0ÞQ˜ðfÞQ˜ðf0Þdf0df:
ðC12Þ
Now, we use that different frequencies in the noise are
not correlated to each other and the definition of the two-
sided noise power spectral density:
E½n˜I ðfÞn˜Iðf0Þ≕
1
2
PIðjf0jÞδðf0 − fÞ: ðC13Þ
If we would carelessly plug in this identity, we would get a
multiplication of two delta distributions, which is not
definable. But we cannot take the expectation of the noise
squared over an infinite time integral anyway. So, the delta
distribution is actually a δTI . This is a smooth function and
not a distribution and can therefore be multiplied with
another δTJ ,
σ2 ¼ 1
4
Z
PIðjf0jÞPJðjf0jÞQ˜ðfÞQ˜ðf0Þ
·
Z
TI=2
−TI=2
e−2πiðf0−fÞtdt
Z
TJ=2
−TJ=2
e2πiðf0−fÞt0dt0df0df
¼ 1
4
Z
PIðjf0jÞPJðjf0jÞQ˜ðfÞQ˜ðf0Þ
·
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
e2πiðf0−fÞðt0−tÞdt0dtdf0df: ðC14Þ
To evaluate the time integrals, we have to split the
integration domain into three regions as depicted in Fig. 19,
since we need an integration region that is symmetric
around t0 − t ¼ 0, where we can use Eq. (C7). The rest can
be evaluated separately.
Let TI < TJ, ΔT ¼ TJ − TI , and Δf ¼ f0 − f; then, the
time integrals read
δTIδTJ ¼
Z
TI=2
−TI=2
Z
−TI=2
−TJ=2
e−2πiΔfðt0−tÞdt0
þ
Z
TI=2
−TI=2
e−2πiΔfðt0−tÞdt0þ
Z
TJ=2
TI=2
e−2πiΔfðt0−tÞdt0dt:
ðC15Þ
FIG. 19. The green region is symmetric around t0 − t ¼ 0 (red
line). The blue rectangle marks the entire integration region.
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We substitute η ¼ −t0 in the first integral over t0, to bring it into the same form as the third one,
δTIδTJ ¼
Z
TI=2
−TI=2
−
Z
TI=2
TJ=2
e2πiΔfðηþtÞdηþ
Z
TJ=2
TI=2
e−2πiΔfðt0−tÞdt0dtþ
Z
TI=2
−TI=2
Z
TI=2
−TI=2
e−2πiΔfðt0−tÞdt0dt
¼
Z
TI=2
−TI=2
e2πiΔft
Z
TJ=2
TI=2
e2πiΔft
0 þ e−2πiΔft0dt0dtþ δ2TIðΔfÞ
¼
Z
TI=2
−TI=2
e2πiΔftdt
Z
TJ=2
TI=2
2 cosð2πΔft0Þdt0 þ δ2TIðΔfÞ
¼ δTIðΔfÞ

sinðπΔfTJÞ − sinðπΔfTIÞ
πΔf
þ δTI ðΔfÞ

≈ δðf0 − fÞ

sinðπΔfTIÞ þ πΔfΔT þOððπΔfΔTÞ2Þ − sinðπΔfTIÞ
πΔf
þ δTIðΔfÞ

; ðC16Þ
where we assumed that ΔT ≪ TI .
This approximated distribution acts on functions as
Z
gðf0ÞδTIδTJðΔfÞdf0 ≈
Z
gðf0ÞðΔT þOðf0 − fÞ þ δTIðf0 − fÞÞδðf0 − fÞdf
¼ gðfÞðTI þ ΔTÞ; ∀ g ∈ C∞ðCÞ: ðC17Þ
Inserting this into the variance and integrating over f0, we get
σ2 ¼ 1
4
Z
PIðjf0jÞPJðjf0jÞQ˜ðfÞQ˜ðf0ÞδTIδTJðf0 − fÞdf0df ¼
TI þ ΔT
4
Z
PIðjfjÞPJðjfjÞjQ˜ðfÞj2df: ðC18Þ
Using matched filtering with the scalar product, ðA˜; B˜Þ ≔ R A˜ðfÞB˜ðfÞPIðjfjÞPJðjfjÞdf, leads us to a filter function:
Q˜ðfÞ ¼ h˜

I ðfÞh˜JðfÞe2πif
Ωˆ·Δx⃗IJ
c
PIðjfjÞPJðjfjÞ
: ðC19Þ
We can write the signal and noise in terms of the filter function and arrive at the signal-to-noise ratio:
SNR ¼ μ
σ
¼ ðQ˜; Q˜Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TIþΔT
4
ðQ˜; Q˜Þ
q ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
TI þ ΔT
Z jh˜IðfÞh˜JðfÞj2
PIðjfjÞPJðjfjÞ
df
s
: ðC20Þ
We now model the merger as a periodic source, which stops radiating at the end of the merging event at its time
coordinate t0. Under the assumption that the detectors are far away from the source, we can model the incoming wave as a
plane wave with amplitude h0 and frequency f0, traveling in direction Ωˆ:
hðtÞ ¼ h0e2πif0ðt−Ωˆ·x⃗c Þθ

t0 −
Ωˆ · x⃗
c
− t

: ðC21Þ
The detector I will measure the signal over a time period TI , and the Fourier transform of the measured signal is therefore
h˜IðfÞ ¼
Z
TI=2
−TI=2
h0e2πif0ðt−
Ωˆ·x⃗
c Þe−2πiftdt ¼ h0e−2πif0Ωˆ·x⃗c
Z
TI=2
−TI=2
e−2πiðf−f0Þtdt: ðC22Þ
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Again, we cannot approximate this with a delta distribution; if we did, we would get a δ4 for the jh˜Ih˜Jj2 term,
jh˜IðfÞh˜JðfÞj2 ¼ h40
Z
TI=2
−TI=2
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
Z
TJ=2
−TJ=2
e−2πiðf−f0Þðt0−tþτ0−τÞdτ0dτdt0dt: ðC23Þ
We do the same splitting of the TJ interval as above, under the assumption TI < TJ and using the short-
hand ρ ¼ t0 − tþ τ0 − τ:
jh˜Ih˜Jj2 ∝ δ2TIδ2TJ ¼
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
e−2πiðf0−fÞðt0−tþτ0−τÞdτ0dτdt0dt
¼
Z
TI=2
−TI=2
Z
−TI=2
−TJ=2
e−2πiΔfρdτ0dτ þ
Z
TI=2
−TI=2
e−2πiΔfρdτ0dτ þ
Z
TJ=2
TI=2
e−2πiΔfρdτ0dτdt0dt
¼
Z
TI=2
−TI=2
e−2πiΔfðt0−tÞdt0dt
Z
TJ=2
TI=2
e2πiΔfðτ0−τÞ þ e−2πiΔfðτ0−τÞdτ0dτ þ
Z
TI=2
−TI=2
e−2πiΔfρdτ0dτdt0dt
¼ δ2TIðΔfÞ
Z
TJ=2
TI=2
2 cosð2πΔfðτ0 − τÞÞdτ0dτ þ δ4TIðΔfÞ
¼ δ2TIðΔfÞ

1
πΔf
Z
TJ=2
TI=2
sinðπΔfðTJ − 2τÞÞ − sinðπΔfðTI − 2τÞÞdτ þ δ2TIðΔfÞ

¼ δ2TIðΔfÞð−
1
2ðπΔfÞ2 fcosðπΔfðTJ − TJÞÞ − cosðπΔfðTJ − TIÞÞ
− cosðπΔfðTI − TJÞÞ þ cosðπΔfðTI − TIÞÞg þ δ2TIðΔfÞÞ
¼ δ2TIðΔfÞ

1
ðπΔfÞ2 fcosðπΔfΔTÞ − 1g þ δ
2
TI
ðΔfÞ

¼ δðf0 − fÞδTIðΔfÞ

1
ðπΔfÞ2

1 −
1
2
ðπΔfΔTÞ2 þOðΔf4Þ − 1

þ δ2TIðΔfÞ

: ðC24Þ
The action on a function g ∈ C∞ðCÞ isZ
gðf0Þδ2TIδ2TJðf0 − fÞdf0
¼
Z
gðf0ÞδTIðΔfÞ

ΔT2
2
þOðΔf2Þ þ δTIðΔfÞ2

× δðf0 − fÞdf0
¼ gðfÞδTIð0Þ

ΔT2
2
þ δTIð0Þ2

¼ gðfÞTI

ΔT2
2
þ T2I

: ðC25Þ
When we plug this into the SNR, we get
SNR ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI
TI þ ΔT

ΔT2
2
þ T2I

h40
PIðjf0jÞPJðjf0jÞ
s
≈ 2

TI þ
Ωˆ · Δx⃗IJ
2c

h20ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðf0ÞPJðf0Þ
p ; ðC26Þ
where we used the identification of the integration time
with the direction of the source in Eq. (C1).
The minimal amplitude is then given by
hmin ¼
ﬃﬃﬃﬃﬃ
32
p ðTI þ ΔTÞPIðfÞPJðfÞ
TIðΔT22 þ T2I Þ

1=4
≈
ﬃﬃﬃﬃﬃ
32
p  1ﬃﬃﬃﬃﬃ
TI
p þ Ωˆ · Δx⃗IJ
4c
ﬃﬃﬃﬃﬃ
TI
p
3
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðfÞPJðfÞ4
p
: ðC27Þ
Including polarizations, we have a gravitational wave
hijðtÞ, which induces the signal hIðtÞ in detector I,
hijðtÞ ¼
X
A
hAe2πif0ðt−
Ωˆ·x⃗
c ÞþφAθ

t0 −
Ωˆ · x⃗
c
− t

eAij ðC28Þ
hIðtÞ ¼
X
A
hAFAI ðΩˆÞe2πif0ðt−
Ωˆ·x⃗I
c ÞþφAθ

t0 −
Ωˆ · x⃗I
c
− t

;
ðC29Þ
where hA is the amplitude of the wave in polarization A and
φA accounts for the fact that the polarizations could be
phase shifted.
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For the absolute value squared of the cross-correlated signals of two detectors, we get
jh˜IðfÞh˜JðfÞj2 ¼ jh˜IðfÞj2jh˜JðfÞj2
¼




X
A
hAFAI ðΩˆÞe−
2πif0
c Ωˆ·x⃗IþiφA




2




X
A
hAFAJ ðΩˆÞe−
2πif0
c Ωˆ·x⃗JþiφA




2
Z
TI=2
−TI=2
Z
TJ=2
−TJ=2
e−2πiðf−f0Þρd4ρ
¼




X
A
hAFAI ðΩˆÞeiφA




2




X
A
hAFAJ ðΩˆÞeiφA




2δTIðf − f0Þ

ΔT2
2
þ δTIðf − f0Þ2

: ðC30Þ
We make the assumption that the gravitational wave has only one of the polarizations h ¼PA0hA0δA0A, to get the signal-to-
noise ratio for that polarization,
SNRA ≔
μ
σ





h¼hA
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI
TI þ ΔT

ΔT2
2
þ T2I
 ðjhAj2FAI ðΩˆÞFAJ ðΩˆÞÞ2
PIðjf0jÞPJðjf0jÞ
s
≈ 2

TI þ
Ωˆ · Δx⃗IJ
2c
 jhAj2FAI ðΩˆÞFAJ ðΩˆÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PIðf0ÞPJðf0Þ
p ; ðC31Þ
which we get by replacing h40 ↦ ðjhAj2FAI ðΩˆÞFAJ ðΩˆÞÞ2 in Eq. (C26).
For multiple detectors, we use the maximum likelihood method and calculate the Fisher matrix. The likelihood function
is given by
LðμIJ; θ⃗Þ ¼ e
−
P
ðI;JÞ
ðYIJ−μIJ Þ2
2σ2
IJ ; ðC32Þ
where μIJ ¼ E½YIJ is the ensemble average of the correlated signals of the detectors I and J. Its variance σ2IJ ¼ V ½YIJ is
given by Eq. (C18) without the filtering. Multiplying the SNR in Eq. (C26) with the noise, we get
μIJ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þ T2I
s
jh˜Ih˜Jj: ðC33Þ
The matrix element FAA0 of the Fisher matrix is then given by
FAA0 ¼ E½ð∂ jhAj2 lnLÞð∂ jhA0 j2 lnLÞ
¼ E
" X
ðI;JÞ
1
σ2IJ
ðYIJ − μIJÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þ T2I
s !2
ð∂ jhAj2 jh˜Ih˜JjÞð∂ jhA0 j2 jh˜Ih˜JjÞ
#
¼
X
ðI;JÞ
1
σ4IJ
E½ðYIJ − μIJÞ2|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
V ½YIJ ¼σ2IJ
TI

ΔT2
2
þ T2I

ð∂ jhAj2 jh˜Ih˜JjÞð∂ jhA0 j2 jh˜Ih˜JjÞ
þ
X
ðI;JÞ≠ðI0;J0Þ
1
σ2IJσ
2
I0J0
E½ðYIJ − μIJÞðYI0J0 − μI0J0 Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
CovðYIJ;YI0J0 Þ¼0
TI

ΔT2
2
þ T2I

ð∂ jhAj2 jh˜Ih˜JjÞð∂ jhA0 j2 jh˜I0 h˜J0 jÞ
¼
X
ðI;JÞ
4TI
ðTI þ ΔTÞPIPJ

ΔT2
2
þ T2I

ð∂ jhAj2 jh˜Ih˜JjÞð∂ jhA0 j2 jh˜Ih˜JjÞ: ðC34Þ
The SNR squared of a specific polarization A is defined by dividing the square of the quantity we are looking for jhAj2 by
its variance σA, under the condition that the incoming wave has only that polarization,
SNR2A ≔
ðjhAj2Þ2
σ2A





h¼hA
¼ ðjhAj
2Þ2
ðF−1ÞAA





h¼hA
¼ ðjhAj
2Þ2 detF
FA





h¼hA
: ðC35Þ
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APPENDIX D: FISHER MATRIX ENTRIES
As can be seen in Appendix C, the Fisher matrix can be
written as a sum of Fisher matrices of single detector pairs,
which consist of a prefactor and two derivative terms for the
row and column of the entry. If θi;j are polarizations, we
have
Fij ∝ ð∂θi jh˜Ih˜JjÞð∂θj jh˜Ih˜JjÞ; ðD1Þ
where θ⃗ ¼ ðθ;ϕ;þ;×; x; y; b; lÞ are the parameters we are
looking for.
Here, we calculate those derivative terms. We start by
writing out the absolute value squared of the correlation
signal,
jh˜Ih˜Jj2 ¼




X
A
hAFAI
X
A0
hA0FA
0
J




2; ðD2Þ
where the phase φA of the polarization A is integrated in the
complex valued amplitude hA ∈ C.
We split the multiplied signals up into sums over terms in
which the polarizations coincide and in which they are
different:
jh˜Ih˜Jj2 ¼




X
A
h2AF
A
I F
A
J þ
X
A≠A0
hAhA0FAI F
A0
J




2
¼
X
A
h2AF
A
I F
A
J
X
B
h2BF
B
I F
B
J

þ
X
A
h2AF
A
I F
A
J
X
B≠B0
hBhB0FBI F
B0
J

þ
X
A≠A0
hAhA0FAI F
A0
J
X
B
h2BF
B
I F
B
J

þ
X
A≠A0
hAhA0FAI F
A0
J
X
B≠B0
hBhB0FBI F
B0
J

¼
X
A
ðjhAj2FAI FAJ Þ2 þ
X
A≠B
ðhAhBÞ2FAI FAJFBI FBJ
þ
X
A
hAjhAj2FAI FAJ
X
B≠A
hBðFAI FBJ þ FBI FAJ Þ þ
X
A≠B≠B0
h2AF
A
I F
A
J h

Bh

B0F
B
I F
B0
J
þ
X
B
hBjhBj2FBI FBJ
X
A≠B
hAðFBI FAJ þ FAI FBJ Þ þ
X
A≠A0≠B
hAhA0FAI F
A0
J ðhBÞ2FBI FBJ
þ
X
A≠A0
jhAj2jhA0 j2½ðFAI FA0J Þ2 þ FAI FA0J FA0I FAJ 
þ
X
A
jhAj2
X
B≠B0
B;B0≠A
hBhB0 ½ðFAI Þ2FBJFB
0
J þ FAI FAJ ðFBI FB0J þ FB0I FBJ Þ þ ðFAJ Þ2FBI FB0I 
þ
X
A≠A0≠B≠B0
hAhA0hBh

B0F
A
I F
A0
J F
B
I F
B0
J : ðD3Þ
When we take the derivative after jhAj2, all sums that do not contain such a term vanish:
∂ jhAj2 jh˜Ih˜Jj ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jh˜Ih˜Jj
q 2jhAj2ðFAI FAJ Þ2 þ hAFAI FAJX
B≠A
hBðFAI FBJ þ FBI FAJ Þ
þhAFAI FAJ
X
B≠A
hBðFAI FBJ þ FBI FAJ Þ þ
X
A0≠A
jhA0 j2½ðFAI FA0J Þ2 þ 2FAI FA0J FA0I FAJ þ ðFA0I FAJ Þ2
þ
X
B≠B0
B;B0≠A
hBhB0 ½ðFAI Þ2FBJFB
0
J þ FAI FAJ ðFBI FB0J þ FB0I FBJ Þ þ ðFAJ Þ2FBI FB0I 

: ðD4Þ
We add the condition that we have an incoming wave with polarization A0, and therefore all terms proportional to two
different polarizations are zero:
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∂ jhAj2 jh˜Ih˜Jjjh¼hA0 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjhA0 j2FA0I FA0J Þ2þ0
q f2δAA0 jhAj2ðFAI FAJ Þ2þð1−δAA0ÞjhA0 j2½ðFAI FA0J Þ2þ2FAI FA0J FA0I FAJ þðFA0I FAJ Þ2g
¼FAI FAJ þð1−δAA0Þ
1
2
ðFAI Þ2FA0J
FA0I
þðF
A
J Þ2FA0I
FA0J
	
: ðD5Þ
If we calculate a matrix element in the θ or ϕ row or column, we cannot pull the term
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TIðΔT22 þ T2I Þ
q
out in front, so the
general Fisher matrix element looks like
Fij ¼ E½ð∂θi lnLÞð∂θj lnLÞ ¼
X
ðI;JÞ
1
σ2IJ
 
∂θi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þ T2I
s
jh˜Ih˜Jj
!
·
 
∂θj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þ T2I
s
jh˜Ih˜Jj
!
: ðD6Þ
The variance of the true signal YIJ is dependent on the true time difference, and we can treat it as a parameter when we take
the derivative after the estimated θ value,
V ½YIJ ¼ σ2IJ ¼
TI þ ΔT
4
PIPJ; ΔT ¼
ωˆ · Δx⃗IJ
c
; ðD7Þ
where ωˆ is the true direction of the source.
The derivative term for the angle θ for a wave with polarization A0 is given by
∂θ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þT2I
s
jh˜Ih˜Jj





h¼hA0
¼ TIΔT
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TIðΔT22 þT2I Þ
q Ωˆ;θ ·Δx⃗IJ
c
jhA0 j2FA0I FA0J þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
TI

ΔT2
2
þT2I
s
jhA0 j2ðFA0I;θFA0J þFA0I FA0J;θÞ:
ðD8Þ
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